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The sale fator σeff is the eetive ross setion used to haraterize the measured
rate of inlusive double dijet prodution in high energy hadron ollisions. It is sensi-
tive to the two-parton distributions in the hadroni projetile. In priniple, the sale
fator depends on the enter of mass energy and on the minimal transverse energy
ET,min of the jets ontributing to the double dijet ross setion. Here, we point out
that proton-proton ollisions at the LHC will provide for the rst time experimental
aess to these sale dependenes in a logarithmially wide, nominally perturbative
kinemati range 10GeV<∼ET,min<∼100GeV. This onstrains the dependene of two-
parton distribution funtions on parton momentum frations and parton loalization
in impat parameter spae. Novel information is to be expeted about the trans-
verse growth of hadroni distribution funtions in the range of semi-hard Bjorken x
(0.001<∼x<∼0.1) and high resolution Q2. We disuss to what extent one an disentan-
gle dierent pitures of the x-evolution of two-parton distributions in the transverse
plane by measuring double-hard sattering events at the LHC.
I. INTRODUCTION
In high-energy hadroni ollisions, more than one pair of partons an interat with large
momentum transfer. Suh multiple hard interations within the same hadroni ollision beome
more numerous with inreasing enter of mass energy. They are a novel and generi feature
of hadroni interations at Tevatron and at the LHC. For instane, the inlusive ross setion
for double dijet prodution (see Fig. 1) is σD (ET ,min = 20GeV) ≃ 10µb in proton-proton
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2FIG. 1: Shemati view of double dijet prodution in a proton-proton ollision.
ollisions at the LHC, if eah of the four jets arries more than a minimal transverse energy
of ET ,min = 20 GeV. Even if this threshold is raised to ET ,min = 100 GeV, the double hard
sattering proess is still in experimental reah with σ4 jetsD (ET ,min = 100GeV) ≃ 50 pb. We
will present alulations, supporting these estimates, in setion II.
It is not known how fatorization theorems for large momentum transfer proesses ould be
extended to multiple hard proesses within the same hadroni ollision, suh as double dijet
prodution. Typially, one assumes that suh proesses an be desribed as the inoherent
superposition of single hard sattering proesses [1, 2, 3, 4, 5℄. The double dijet ross setion
an then be expressed as the onvolution of two independent hard partoni subproesses with
two-parton distribution funtions FD (see eq. (2.3) below). The ratio of the square of the dijet
ross setion σS to the double dijet ross setion σD for two indistinguishable hard proesses
denes the eetive ross setion σeff [2, 6, 7℄
σeff =
σ2S
2 σD
. (1.1)
For two distinguishable hard proesses A and B, it takes the form σeff =
σA σB
σD
. If the two-
parton distribution funtions FD fatorize into an unorrelated produt of standard single
parton distribution funtions, then σeff gives aess to the geometrial extension of the parton
distributions in transverse spae.
There are several motivations for studying double hard ross setions at hadron olliders.
First, hadroni ollisions with more than one hard partoni sattering an ontribute to multi-
parton nal states at high transverse momentum. Their improved understanding may help
to ontrol the QCD bakground to searhes for novel physis in hannels involving multiple
high-ET parton nal states [8℄, although simple kinemati uts an be eient in leaning
the signal from double dijet bakground [5℄. Seond, multiple independent hard satterings at
3lower momentum transfers [Q2 ∼ O ((1− 5)2GeV2)℄ play an important role in modeling the
underlying event in hadroni ollisions at ollider energies [9, 10, 11℄. Studying the physis
of suh multiple hard satterings at larger momentum transfer Q2 or as a funtion of Q2 may
help to onstrain the input to this modeling of the underlying event [12℄. Moreover, the double
dijet ross setion σD provides qualitatively novel information about the transverse struture
of the hadroni projetile beause σD depends on the relative transverse distribution of the two
partons in the hadroni projetile [13℄. If the two partons were distributed homogeneously over
the entire hadronially ative transverse area of the hadroni projetile, then the sale fator
σeff would be omparable to the total inelasti ross setion. The muh smaller numerial value
σeff = 14.5± 1.7+1.7−2.3 mb, measured by the CDF Collaboration [7℄ disfavors suh a homogeneous
distribution. It is in support of a piture of the proton and anti-proton, in whih partons with
large momentum fration are loalized in a signiantly smaller transverse region within the
proton (see disussion of Fig. 2 below).
Quantum hromodynamis oers a spei piture for the transverse growth of hadroni
wave funtions with inreasing ln 1/x or enter of mass energy. In analogy to QED, where the
transverse extension of the Weizsäker-Williams eld of quasi-real photons around an eletri
harge grows with inreasing energy, the hard (i.e. large-x) olor harges in a QCD projetile
an be viewed as soures of non-abelian Weizsäker-Williams elds, whose transverse size grows
with inreasing ln 1/x or enter of mass energy. The simplest, perturbative realization of this
phenomenon in QCD is the BFKL evolution equation, whih predits with inreasing ln 1/x not
only a growth of parton density loally in impat parameter, but also a growth of the hadroni
projetile distribution funtion in impat parameter spae, see e.g. Refs. [14, 15, 16, 17, 18℄.
Unlike QED, this perturbative piture is expeted to be modied in QCD by saturation eets,
whih tame the growth of parton density loally in impat parameter, and by non-perturbative
eets, whih amputate the gluoni Weizsäker-Williams elds at a transverse distane set by
onnement. One expets that this redues eventually the growth of the average transverse
extension of non-abelian Weizsäker-Williams elds from the perturbatively predited power-
law dependene ∝ x−ω to a non-perturbative logarithmi inrease. The sale and dynamis
of the transition between perturbative and non-perturbative regime, as well as the physis in
the non-perturbative regime remain under debate. All arguments indiate, however, that the
transverse extension of the hadroni densities ontinues to grow at ultra-relativisti enter of
mass energies, albeit possibly muh weaker than predited perturbatively [14, 17, 18℄.
4Here, we investigate to what extent this qualitative piture of the growth of transverse
hadroni distributions ould be tested by measuring double dijet prodution at Tevatron and at
the LHC in the range of semi-hard momentum frations, say 0.001<∼x<∼0.1, and hard momentum
transfers. The starting point of our work is the observation that measurements of the inlusive
double dijet ross setion at the LHC an be performed over a wide range in ET,min. In the
following, we quantify this range and we investigate to what extent it provides aess to a
possible dependene of the sale fator on the m-energy and transverse momentum ut-o.
On the basis of these alulations, we assess the sensitivity of measurements of σD to the
transverse growth of the distribution of semi-hard partons in the hadroni projetile.
II. THE FORMALISM
We rst disuss the formalism, on whih the following alulations of double dijet prodution
ross setions are based. To leading order (LO), the single sattering ross setion to produe
two massless partons of transverse energy larger than ET,min reads
σS(ET,min) =
∫ 1
xmin
dx1
∫ 1
xmin/x1
dx2
∫ tˆ+
tˆ
−
dtˆ
∑
ij
fi(x1, Q
2)fj(x2, Q
2)
dσij
dtˆ
, (2.1)
where
tˆ± = − sˆ
2

1±
√
1− 4E
2
T,min
sˆ

 , x1 x2 ≥ xmin = 4E2T,min
s
and Q2 = p2⊥. (2.2)
The sum is over all possible quark and gluon 2→2 sattering hannels ij. For the purpose of
the present study, expression (2.1) is a suiently good approximation for the ross setion
of a dijet, produed in a single hard sattering event. We shall onvolute LO parton-parton
sattering ross setions
dσij
dtˆ
with the CTEQ6L set of parton distribution funtions [19℄ for fi,
whih have been optimized for the use in LO alulations. The sale Q2 in the PDFs and in αs
is set to the transverse momentum p2⊥ = ut/s for massless partons in the 2→2 proess. We have
heked that the results for σS(ET,min) obtained with this input from Eq.(2.1) are onsistent
with Pythia 6.419 [20℄.
We alulate the inlusive dijet prodution ross setion as an inoherent superposition of
two hard sattering proesses within the same hadroni ollision
σD (ET,min) =
1
2
∑
ijkl
∫
ds1 ds2 db
∫
dx1dx2dx3dx4dtˆ1dtˆ2 F
ik
D (x1, x2;b− s1,b− s2)
5×F jlD (x3, x4; s1, s2)
dσij
dtˆ1
dσkl
dtˆ2
. (2.3)
Here, the sum
∑
ijkl is over all parton speies, whih ontribute to the two partoni proesses
i+j → 2 jets and k+l → 2 jets. The symmetry fator 1
2
aounts for the fat that both partoni
proesses are indistinguishable in the sense that there is no operational presription whih
establishes a one-to-one mapping between one dijet and one spei hard partoni ross setion
in (2.3). The Mandelstam variables tˆ1 and tˆ2 are dened for two partoni 2→ 2 proesses with
inoming parton momentum frations x1, x3 and x2, x4, respetively. We hoose the kinemati
boundaries in the integrals over the inoming parton momentum frations x1, ... , x4 suh that
all outgoing partons arry more than a minimal transverse energy ET,min. (In priniple, more
sophistiated kinemati boundaries ould be implemented e.g. to require dierent ET,min-values
for both pairs of jets, but we shall not explore suh possibilities in the following.) The integral
in equation (2.3) inludes the two transverse positions s1, s2, at whih the two hard proesses
take plae, and the impat parameter b of the hadroni ollision. The spatial information about
the partons is speied in the two-parton distribution funtions
F ikD (x1, x2;b1,b2;Q
2
1, Q
2
2) , (2.4)
whih depend not only on the transverse momentum frations x1, x2 and the virtualitiesQ
2
1, Q
2
2
of both partons inside the hadron, but also on their transverse positions b1, b2. In the following,
we shall often use a simplied notation, in whih the virtualities are not written expliitly as
arguments of FD. For these virtualities, we will always hoose the squared transverse momenta
in the orresponding partoni 2→ 2 subproess, as in (2.1), (2.2).
A. A fatorized ansatz for two-parton distribution funtions
The disussion in this setion is based on a lass of models, whih satisfy the fatorized
ansatz
F ikD (x1, x2;b1,b2;Q
2
1, Q
2
2) = F
i(x1,b1, Q
2
1)F
k(x2,b2, Q
2
2) , (2.5)
where
F i(x,b, Q2) = n(x,b) f i(x,Q2) . (2.6)
A set of orrelated two-parton distributions, whih do not satisfy (2.5) will be disussed in
setion IV. In equation (2.6), n(x,b) denotes the density of partons in the transverse plane.
6It is normalized to unity,
∫
dbn(x,b) = 1, so that f i(x,Q2) =
∫
dbF i(x,b, Q2) are the stan-
dard single parton distribution funtions. For the lass of models studied here, the transverse
part of the density does not depend on the parton speies i. The ansatz of Eq. (2.6) on-
tains information about the average transverse distane of the partons from the enter of the
proton in transverse spae. If the partons are unorrelated in impat parameter, the average
distane between the two partons satises 〈(b1 − b2)2〉 = 〈b21〉+ 〈b22〉. In this sense, the ansatz
(2.5) also ontains information about the average transverse distane between the two partons.
In addition, it allows for a nontrivial x-dependene of the transverse size of the hadroni
projetiles.
Let us onsider rst the simple ase of an x-independent density n(x,b) = n(b). In this ase,
the geometrial information entering ross setions an be expressed in terms of the nuleon
overlap funtion
TNN(b) =
∫
dsn(s)n(b− s) . (2.7)
The normalization of n implies that
∫
dbTNN(b) = 1. For the fatorized ansatz (2.5), the
double dijet ross setion then takes the form
σD (ET,min) = [σS (ET,min)]
2 1
2
∫
dbT 2NN(b) , (2.8)
and the sale fator (1.1) reads
σeff =
1∫
dbT 2NN(b)
. (2.9)
In the general x-dependent ase, the nulear overlap funtion (2.7) will depend on the momen-
tum frations x1, ... , x4 of the partons in both hadrons. As a onsequene, the sale fator
beomes a funtion of the enter of mass energy
√
s and the jet energy threshold ET,min.
B. Interpretation of the sale fator in the model (2.5) for two-parton distributions
For the lass of models (2.5), the sale fator ontains information about the transverse
parton density n(b) in the proton. A model-independent understanding of the b-dependene of
this density distribution is missing so far. Here, we onsider three-dimensional density proles,
from whih transverse densities are obtained by projetion, n(b) =
∫
dz n(r). Rather than
motivating a partiular b-dependene of n(b), however, we prefer here to demonstrate that
our onlusions about the sale fator will depend mainly on the rms of n(r) and will be
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FIG. 2: The sale fator σeff as a funtion of the 3-dimensional rms of the parton density distribution
for a Gaussian, exponential and Θ-prole n(r). The thinly dotted line denotes the entral value of the
Tevatron measurement σeff = 14.5 mb. The value 〈r2〉1/2 = 0.875 fm of the proton harge radius is
also indiated.
rather insensitive to details of the funtional shape. To establish this point, we ompare three
3-dimensional parton densities n(r). In partiular, we onsider a Gaussian density
n(r) =
1
(2piδ2)3/2
exp
[
− r
2
2δ2
]
, (2.10)
a homogeneous density distribution whih is sharply ut at radius R,
n(r) =
3
4piR3
Θ(R− |r|) , (2.11)
and an exponential prole
n(r) =
1
8piλ3
exp
[
−|r|
λ
]
, (2.12)
whih has a more pronouned tail than the Gaussian distribution. To ompare the sensitivity
of σeff on the funtional shape of the r-dependene of the density proles (2.10), (2.11) and
(2.12), we express the results in Figure 2 and Table I in terms of the root mean square 〈r2〉1/2
of these densities.
One sees in Figure 2 that the numerial value of σeff haraterizes mainly 〈r2〉1/2 and that its
sensitivity to the detailed geometrial prole of n(r) is rather weak. As a onsequene, the use
of the Gaussian ansatz in the following studies an be regarded as a onvenient hoie whih
8Model for 3D density ms radius 〈r2〉 σeff 〈r2〉TEVATRON
Gaussian ∝ exp(− r2
2δ2 ) 3δ
2 8pi
3
〈r2〉 0.42 fm
hard sphere ∝ Θ(R− |r|) 3
5
R2 9.0 〈r2〉 0.40 fm
exponential ∝ exp(− |r|λ ) 12λ2 7.3 〈r2〉 0.45 fm
TABLE I: Results from the spatial density analysis. Calulations of ms radius 〈r2〉 and σeff are shown
for several density models. The last olumn is alulated by equating the σeff in the 4th olumn to the
TEVATRON measurement of 14.5 mb. See also Fig. 2.
will not bias our onlusions. We mention as an aside that a Gaussian prole may be motivated
for instane by a study based on a light one Hamiltonian [21℄.
Figure 2 also demonstrates that the entral value σeff = 14.5mb of the CDF measurement an
be related to a narrow range around 〈r2〉1/2 ≃ 0.4 − 0.45 fm for all three geometrial proles.
We note that if the partons relevant for double dijet prodution were distributed in impat
parameter over a transverse region of the size of the proton's eletri harge 〈r2〉1/2 = 0.875 fm,
then the sale fator σeff would take values between 50mb and 70mb, whih are omparable
to the total inelasti ross setion σinel ≃ 80mb measured at Tevatron. A signiant dierene
between the total hadronially ative transverse size of the proton and the transverse extension
of the region relevant for proesses of high momentum transfer has been disussed repeatedly
in the literature [18, 24, 27℄. We note that the measurement of σeff an not only provide an
independent haraterization of this dierene. Moreover, it may also provide novel aess to
the dynamial origin of this dierene via an analysis of the x-dependene of σeff , to whih we
turn now.
9C. Modeling the small-x evolution of the transverse size of hadroni wave funtions
The transverse size of hard partoni omponents of the proton is found to be smaller than
total ross setions but will also grow with inreasing
√
s. Therefore a larger part of the
hadronially ative regions in transverse spae an be expeted to ontribute to hard prodution
proesses with inreasing energy.
We model this piture of the transverse growth of hadroni wave funtions by speifying an
x-dependene of the Gaussian density (2.11),
n(x,b) =
1
2piδ(x)2
exp
[
− b
2
2δ(x)2
]
. (2.13)
We onsider two parametrizations of the x-dependene of the Gaussian width δ(x). One model,
originally proposed by Burkardt [22℄, takes
δ(x) = w1
√
(1− x) ln (1/x), w1 = 0.149 fm. (2.14)
This results in a growth of the sale fator σeff(x) ∝ δ2(x) ∝ ln 1/x ∝ ln s, whih is even weaker
than the growth ∝ (ln s)2 whih is realized in the Froissart bound. We x the prefator at
w1 = 0.149 fm to reprodue the Tevatron value for σeff at ET,min = 20 GeV.
We also onsider a seond model whih results in a power-law growth of σeff ∝ sω with the
enter of mass energy,
δ(x) = w2 (1− x) x−ω/2, w2 = 0.175 fm . (2.15)
A power-law growth of the transverse hadroni wave funtion is obtained in the perturbative
small-x evolution, where the leading order BFKL-interept is ω = αs
pi
Nc 4 ln 2. This is known to
overestimate the growth of total ross setions in the experimentally aessible regime. However,
it is oneivable that the growth of hard omponents in the transverse wave funtion is more
rapid. Within the window of physially reasonable parameters, we have hosen ω = 0.265
to arrive at a model with power-like growth at small x. The prefator in (2.15) is xed to
w2 = 0.175 fm suh that σeff = 14.5mb at
√
s = 1.8TeV and ET,min = 20GeV.
In Fig. 3 we show the transverse growth of the width 〈b2〉 = 2δ2(x) as a funtion of mo-
mentum fration x for the models (2.14) and (2.15). We note that a transverse growth similar
to the model (2.14) has also been obtained in other alulations whih model non-perturbative
eets [18℄.
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A omment about our use of CDF measurements is needed here: in the CDF publiation [6℄
of 1993, a entral value σeff = 12.1mb was quoted for ET,min = 18GeV on the parton level.
The later CDF measurement [7℄ quotes a entral value σeff = 14.5mb with muh improved sta-
tistial and systemati unertainties. However, both CDF measurements onsidered a hannel
with three jets and one photon in the nal state, while we fous on four jet proesses in the
present disussion. The possibility that the sale fator diers for dierent hannels due to
their dependenes on dierent parton distribution funtions, annot be exluded and has been
explored in a reent model study [23℄. To arrive at a partiularly simple model, and sine there
is little phenomenologial guidane, we do not explore the possibility of suh dierenes here.
We also remark that the more reent CDF analysis uses several lower values of ET,min. For
these reasons, we emphasize that our hoie σeff (
√
s = 1.8TeV, ET,min = 20GeV) = 14.5mb
does not reprodue the uts and onditions of the CDF analysis. In partiular, our hoie of
σeff = 14.5mb an only be related to the CDF analysis under the assumption that the sale
fator does not depend on the prodution hannel. Moreover, our hoie of ET,min is ditated
by the need of anhoring our disussion at a suiently large transverse energy ET,min, where
the perturbative ross setions used in our alulations are suiently reliable.
11
III. NUMERICAL RESULTS FOR σeff FROM DOUBLE HARD CROSS SECTIONS
In this setion, we rst haraterize the range of ET,min, whih is experimentally aessible
with suiently large event samples for the study of double dijet prodution at Tevatron and
at the LHC. We then disuss the sale dependene of σeff in the model (2.14) of Burkardt and
in the BFKL model (2.15). Finally, we turn to the question to what extent more ompliated
geometrial arrangements of two-parton distributions, or orrelations not enoded for in the
ansatz (2.5) an aet our onlusions.
A. Rate of inlusive double 2-jet proesses
Figure 4 shows the alulated ross setion σS for inlusive 2-jet prodution and an estimate
of the double dijet ross setion σD as a funtion of the minimal transverse energy of the
jets. To arrive at this estimate, the double dijet ross setions σD in Figure 4 is alulated
from the single inlusive ross setion σS using equation (1.1) with a sale-independent value
σeff = 14.5mb. If σeff hanges with
√
s, then the inlusive double 2-jet ross setion σD would
dier from the value shown in Fig. 4 by a fator 14.5mb/σeff(
√
s). A table with numerial
values for double dijet ross setions, entering Figures 4 and 5, is provided in the eletroni
supplement to this paper.
At the Tevatron Run I (
√
s = 1.8 TeV), the inlusive double dijet ross setion reahes
≈ 20 nb for ET,min ≃ 20 GeV. Upon inreasing the jet energy threshold, this ross setion drops
rapidly to ≈ 20 pb for ET,min ≃ 40 GeV. The kinematial reah at the LHC (
√
s = 14 TeV) is
muh wider. With a ross setion of ≈ 16 nb, one gets to ET,min ≃ 50 GeV, and with a ross
setion of 10 pb, one explores the sale dependene of σD up to ET,min ≃ 120 GeV.
To put these ross setions into perspetive, let us assume an integrated luminosity for Run
II at Tevatron of 10 fb−1 (more than 6 fb−1 have been delivered to date). This would translate
into 2 × 108 double dijet events with ET,min ≃ 20 GeV and 2 × 105 events with ET,min ≃ 40
GeV. (For the purpose of these order of magnitude estimates, we have negleted the dierene
in enter of mass energy between Tevatron Run I and Run II.) To relate the double hard ross
setion σD to a measurable quantity, it is neessary to disentangle the 4-jet events originating
from two independent hard sattering proesses from those that originate from a single hard
sattering. There are various experimental handles for doing this. For instane, one an exploit
12
that in ontributions to σD, pairs of two jets must be balaned in ET , while ontributions from
other lasses of 4-jet events are not and dier in the shape of their distribution. However,
our study does not provide a basis for judging the (experiment-spei) size of event samples,
needed for a measurement of σD. Here, we assume that ∼ 105 raw events are suient to this
end, and we thus estimate that experiments at Tevatron Run II an measure σD for ET,min . 40
GeV.
Under analogous assumptions, experiments at the LHC will aess the physis of double
dijet prodution for ET,min . 120 GeV with the rst 10 fb
−1
of data at
√
s = 14TeV.
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FIG. 4: Calulated inlusive single dijet ross setion σS (upper urves) and estimated double dijet
ross setion σD = σ
2
S/(2σeff ) (lower urves) as a funtion of the ut on jet transverse energy. Left
hand side: σS and σD at
√
s = 1.8 TeV. Right hand side: σS and σD at
√
s = 14 TeV. The sale fator
is assumed to be σeff = 14.5 mb, independent of ET,min and
√
s.
Tevatron LHC
σS
σD
σS
σD
B. The sale dependene of the sale fator σeff
The estimates given in setion IIIA above illustrate that experiments at the LHC an inves-
tigate the sale dependene of the sale fator σeff over a logarithmially wide range in ET,min.
We now illustrate the physial information whih an be extrated from this sale dependene.
To this end, we have alulated the inlusive double dijet ross setion (2.4) for two-parton
distribution funtions (2.5) with Gaussian transverse density prole n(x,b). Figure 5 shows
results for the orresponding sale fator σeff , alulated as a funtion of
√
s and ET,min for the
13
ases of a logarithmi and a power law x-dependene of the width δ(x) of the parton density
n(x,b) in the hadroni projetile.
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FIG. 5: Theoretial alulation of the sale fator σeff = σ
2
S (ET,min,
√
s) /2σD (ET,min,
√
s) in the
plane of enter of mass energy
√
s and jet energy threshold ET,min. Constant σeff -values indiated on
the right of the two plots lie on approximately straight lines. Inlusive single and double dijet ross
setions are alulated from (2.1) and (2.4) respetively, for a Gaussian transverse density distribution
of partons in the proton wave funtion. The x-dependene of the width of these density distributions
is taken to follow a logarithmi inrease (2.14) [plot on left hand side℄ or a power-law inrease (2.15)
[plot on right and side℄. Model parameters are hosen suh that σeff = 14.5mb for
√
s = 1.8TeV and
ET,min = 20GeV.
We expet that experimental data on σeff at the LHC will rst beome available as a funtion
of ET,min for xed
√
s. However, the foreseen running shedule of LHC may also lead to
information about the
√
s-dependene of double dijet ross setions. This is so, sine before
moving to
√
s = 14TeV, LHC is sheduled to start operation this year with
√
s = 10 TeV,
aiming for an integrated luminosity of 200 pb−1 whih may be suient to explore double hard
ollisions over a range in ET,min. Moreover, at a later stage in the LHC program, one may also
expet a relatively short proton-proton run at
√
s = 5.5 TeV to ollet omparison data for
the LHC heavy ion program. In addition, data from Tevatron Run II may provide information
14
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FIG. 6: The sale fator σeff for the two models of an x-dependent width of the Gaussian density
distribution, shown in Fig. 3. Upper urves for
√
s = 14TeV, lower urves for
√
s = 1.8TeV.
about the ET,min dependene of σD at
√
s = 1.96 TeV. Measurements of the
√
s-dependene of
σD(ET,min) will test the onstany of σeff along lines of onstant ET,min/
√
s. This onstany does
not depend on details of the modeling of two-parton distribution funtions, but results solely
from the kinemati bound (2.2). This makes it an important onsisteny hek for the piture of
double dijet prodution advoated here. The main dynamial information of the measurement
of σeff is ontained in its dependene on ET,min and
√
s. The variation of this sale fator with
kinematial variables reets the growth of the transverse size of the projetile wave funtion
with ln 1/x. Fig. 5 illustrates this point for the two models of the transverse growth represented
in Fig. 3. One sees that the sale fator inreases signiantly with inreasing
√
s or dereasing
ET,min. We emphasize that at
√
s = 14 TeV, results of both models shown in Fig. 5 imply a
variation of σeff by roughly a fator 2 in the range between ET,min = 10 GeV and ET,min = 100
GeV. This variation is muh larger than the ∼ 20% measurement unertainty quoted by the
CDF Collaboration for its measurement of σeff . We take this as a strong indiation that the
x-evolution of the transverse size of hadroni wave funtions in the range of semi-hard x is
experimentally aessible via the measurement of double hard ross setions at the LHC.
One a non-trivial ET,min-dependene of the sale fator σeff is established, one may ask the
rened question of whether this allows for the disrimination between dierent models of small-
x evolution. Sine parton distributions f(x,Q2) rise rapidly with inreasing ln 1/x, the inlusive
single and double dijet ross setions σS(ET,min), σD(ET,min) are dominated by x-values whih
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lie lose to the lower bound of (2.2). As a onsequene, the value of σeff remains almost onstant
along lines of onstant ET,min/
√
s in the (ET,min,
√
s) plane. As an estimate, one may take
σeff ≃ 15 δ2(x1/2min), (3.1)
where xmin is the lower bound on the parton momentum fration available for a dijet above
ET,min (see Eq. 2.2)). Figure 6 shows in more detail that for the two models of x-evolution shown
in Fig. 3, the steeper x-dependene in the transverse density prole n(x,b) is indeed reeted
in a steeper ET,min-dependene of σeff . The model-dependent dierene is more pronouned
for the higher LHC enter of mass energy and for lower values of ET,min, where double hard
sattering proesses depend on parton distributions at smaller momentum fration x. However,
the dierenes are rather mild and may be diult to disentangle experimentally. Moreover, the
interpretation of relatively small variations in σeff may require a more detailed understanding
of the geometrial distributions entering FD (see setion IV below). Thus, while a non-trivial
ET,min-dependene of σeff will allow one to disentangle models of small-x growth from the
baseline of an x-independent transverse loalization of partons in the proton, the disrimination
between dierent models of small-x growth may be more hallenging.
IV. CORRELATED TWO-PARTON DISTRIBUTIONS
So far, we have disussed fatorized two-parton distributions of the form (2.5). This ansatz is
based on a piture, in whih partons are entered around a single position bv ≡ 0 in transverse
spae. The purpose of this setion is to gain some understanding of the extent to whih the
results reahed above depend on the geometrial assumptions underlying the ansatz (2.5), and
to what extent they reet dynamial information. To this end, we shall study a simple model
of two-parton distributions, whih do not fatorize into single-parton distributions. The model
is based on pituring the transverse prole of the proton projetiles as being omposed of three
regions of size ∼ 0.2− 0.4 fm eah, whih have inreased hadroni interation probability. The
enters bvi , i = 1, 2, 3, of these hot spots may be thought to be related to the positions of
valene quarks in the transverse plane. To be spei, we onsider for these hot spots the
distribution [25℄
|ψ(bv1 ,bv2 |2 =
3
pi2δ4v
exp
[
− 1
3δ2v
(
(bv1 − bv2)2 + (bv1 − bv3)2 + (bv2 − bv3)2
)] ∣∣∣∣
−bv3≡bv1+bv2
(4.1)
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Here due to the enter of mass onstraint the third oordinate is dened as bv3 ≡ −bv1 − bv2 .
We x δv = 0.25 fm, whih orresponds to a separation of the enters of the three hot spots by
an rms of 0.3 fm. Partons are loated around the enters bvi of these hot spots at transverse
positions b with Gaussian distributions
d(x,b,bv) =
1
2piδs(x)2
exp
(
−(bv − b)
2
2δs(x)2
)
. (4.2)
We allow for an x-dependene of the Gaussian width δs. A two-parton density distribution
nD(x1, x2,b1,b2) for partons loated at transverse positions b1, b2 an then be alulated in
terms of the following integral over the enters of the hot spots bvi ,
nD(x1, x2;b1,b2) =
1
4
∫
dbv1 dbv2 |ψ (bv1 ,bv2) |2
2∑
ij
d(x1,b1,bvi) d(x2,b2,bvj ). (4.3)
Here, the sum over i and j averages over the dierent ombinations of hot spots in one proton
whih an provide the two partons for the hard sattering proess. In this lass of models, the
two-parton distribution funtions do not fatorize, but take the form
F ikD
(
x1, x2;b1,b2;Q
2
1, Q
2
2
)
= nD(x1, x2;b1,b2) f
i
(
x1, Q
2
1
)
fk
(
x2, Q
2
2
)
. (4.4)
The orresponding integration over transverse diretions, entering (2.3) reads∫
db ds1 ds2 nD (x1, x2;b− s1,b− s2) nD (x3, x4; s1, s2)
=
1
8pi
(
1
δ2Σ
+
1
δ2Σ + 2δ
2
v
+
2
δ2Σ + δ
2
v
)
, (4.5)
where
δ2Σ = δs(x1)
2 + δs(x2)
2 + δs(x3)
2 + δs(x4)
2 . (4.6)
In the limit δv → 0, one reovers the model of a density distribution with Gaussian prole,
disussed in setion III. More preisely, for δv → 0, the enters of the three hot spots are all
loated at bv1 = bv2 = bv3 = 0, as an be seen from (4.1). For the ase of an x-independent
density δs(x) = δs, Eq. (4.5) beomes
1
8pi
4
4 δ2s
= 3
8pi 〈r2〉
with 〈r2〉 = 3 δ2s . This is exatly the value
of
∫
dbT 2NN(b) = 1/σeff for the Gaussian prole, obtained in Tab. I.
To study the eet of non-fatorizing distributions and ompare to the results of setion III
we make use of the Gaussian width δ2eff = δs(x)
2+ δ2v/3 of the orresponding one-partile distri-
bution n(x1, b1) =
∫
db2 nD(x1, x2;b1,b2). We onnet the orrelated one-partile distribution
17
ET
min
 [GeV]
s1
/2
 
[Te
V]
σeff [mb]
      26
      24
      22
      20
      18
      16
      14
      12
      10
       8
       6
       4
       2
 20  40  60  80  100  120  140  160  180
 2
 4
 6
 8
 10
 12
 14
 16
 18
s1
/2
 
[Te
V]
ET
min
 [GeV]
s1
/2
 
[Te
V]
σeff [mb]
      33
      30
      27
      24
      21
      18
      15
      12
       9
       6
       3
 20  40  60  80  100  120  140  160  180
 2
 4
 6
 8
 10
 12
 14
 16
 18
s1
/2
 
[Te
V]
FIG. 7: Same as Fig. 5, but for a model of two-parton distribution funtions, for whih partons are
loalized in three hot spots in the parton wave funtion.
of soft partons to the unorrelated one by demanding that they have the same Gaussian width,
δ(x) = δeff . This yields δs used for the numerial omputation.
We have alulated the inlusive double dijet ross setion (2.5) for the orrelated two-
parton distribution funtion (4.4) and ompare again a power-law x-dependene of the form
(2.15) with a logarithmi x-dependene of the form (2.14). The results of this alulation are
shown in Figure 7.
Similar to the alulation with fatorized two-parton distribution funtions (2.5) shown in
Fig. 5, we observe from Fig. 7 that the sale fator σeff inreases with inreasing
√
s or dereasing
ET,min. The numerial dierenes between the results shown in Fig. 7 and Fig. 5 are relatively
small. This may be understood by observing that the average distane between the enters of the
hadronially ative regions is
√
〈(bv1 − bv2)2〉 =
√
2 δv ≈ 0.35 fm for δv = 0.25 fm. The average
distane from the enter bvi , at whih partons are loalized is
√〈b2〉 = √2 (δ2v/3 + δ2s(x)) ≥√
2/3δv. This is ≈ 0.20 fm at large x and inreases signiantly for smaller x. As a onsequene,
the three hadronially ative regions in the model (4.3) overlap signiantly for our hoie of
model parameters, and measurable properties of this distribution are likely to be similar to
those of the single homogeneous density distribution, studied in setion III.
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V. DISCUSSION
In this paper, we have argued that the proton wave funtion is expeted to grow in the
transverse plane with inreasing ln 1/x for all values of x. We have then illustrated in model
studies that this transverse growth should manifest itself in two-parton distribution funtions
and that it beomes experimentally aessible in the inlusive double dijet ross setion σD.
Of partiular interest is the ratio σeff = σ
2
S/2 σD of the square of the inlusive single over the
double dijet ross setion. As a generi onsequene of the piture advoated here, the sale
fator σeff is expeted to be onstant along lines of onstant ET,min/
√
s, and it is expeted to
grow with
√
s at xed jet energy threshold ET,min and to derease with inreasing ET,min at
xed
√
s. We have shown that the wider kinematial reah of proton-proton ollisions at the
LHC will allow for the rst time to test this sale dependene of the sale fator σeff over a
wide range in ET,min.
We have studied models for parton distributions in the transverse plane, whih do not
distinguish between gluons and valene and sea quarks of dierent avor. In the absene of
experimental information about suh dierenes, we have adopted the baseline assumption that
the geometrial distributions of all partons are the same, thus minimizing the number of model
parameters. We note, however, that one may invoke QCD-inspired pitures for whih dierent
parton speies are loalized dierently in the transverse wave funtion. In this ase, the sale
fator σeff an depend on the prodution hannel of the double hard sattering proess, sine
dierent prodution hannels (suh as nal states with two-jet events or with b b¯) depend on
dierent parton densities. A model, whih shows this feature, was studied for instane by Del
Fabbro and Treleani in Ref. [23℄. The study of spei double hard prodution hannels has
also been explored as a means to arrive at an improved (ideally: bakground free) experimental
haraterization of double parton ollisions. In partiular, the prodution of two equal sign W
bosons at relatively low transverse momentum is dominated by double parton ollisions [26℄,
though the ross setion is very low. A muh more abundant hannel at the LHC, even if
b-tagging eieny is taken into aount, is the prodution of b b¯ b b¯, whih may allow for an
improved haraterization of double hard ross setions [28℄.
The models explored in the present paper result in an inrease of σeff with inreasing
√
s.
In ontrast, the spatial orrelations, implemented in the model of Ref. [23℄, imply that sale
fators for all prodution hannels derease with inreasing
√
s. This illustrates that the models
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studied in the present work do not exhaust all oneivable sale dependenies of σeff . The
models in setion III and IV are simple implementations of the piture that the transverse
proton wave funtion grows with ln 1/x. Moreover, the dierene between our models and the
models of Ref. [23℄ illustrates learly, that far beyond produing only an experimental value for
σeff , a measurement of inlusive double hard ross setions at the LHC an distinguish between
qualitatively dierent pitures of the transverse proton wave funtion. As we have argued here,
this may be done most eiently by studying the ET,min-dependene of the sale fator σeff at
xed
√
s.
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